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Abstract
Orbital Kondo effect is treated in a model, where additional to the conduc-
tion band there are localized orbitals close to the Fermi energy. If the hopping
between the conduction band and the localized heavy orbitals depends on the
occupation of the atomic orbitals in the conduction band then orbital Kondo
correlation occurs. The noncommutative nature of the coupling required for
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the Kondo effect is formally due to the form factors associated with the as-
sisted hopping which in the momentum representation depends on the mo-
menta of the conduction electrons involved. The leading logarithmic vertex
corrections are due to the local Coulomb interaction between the electrons
on the heavy orbital and in the conduction band. The renormalized vertex
functions are obtained as a solution of a closed set of differential equations
and they show power behavior. The amplitude of large renormalization is de-
termined by an infrared cutoff due to finite energy and dispersion of the heavy
particles. The enhanced assisted hopping rate results in mass enhancement
and attractive interaction in the conduction band. The superconductivity
transition temperature calculated is largest for intermediate mass enhance-
ment, m∗/m ≈ 2 − 3. For larger mass enhancement the small one particle
weight (Z) in the Green’s function reduces the transition temperature which
may be characteristic for other models as well. The theory is developed for
different one–dimensional and square lattice models, but the applicability is
not limited to them. In the one–dimensional case charge– and spin–density
susceptibilities are also discussed. Good candidates for the heavy orbital are
f–bands in the heavy fermionic systems and non–bonding oxygen orbitals in
high temperature superconductors and different flat bands in the quasi–one
dimensional organic conductors.
Typeset using REVTEX
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I. INTRODUCTION
Recently the different phase transitions in strongly correlated electronic systems has
became the most intensively discussed issue in the theory of solids.
There is a common feature in the theories of these phase transitions, namely logarith-
mic corrections characteristic for infrared divergences occur in the perturbative expansion.
That genuine character exists even for the phase transitions in electronic systems with the
logarithmic expression ln(x/D), where x = max(ω, T ) is the largest of the energy variables
ω and the temperature T , furthermore, the high energy cutoff D is the bandwidth of the
conduction electrons. In particular cases an additional infrared, low energy cutoff appears
which is an inherent feature of some models. That cutoff smears out the infrared divergences
mentioned earlier.
Such logarithmic corrections occur in the theory of a one-dimensional electron gas1 and
also e.g. in two–dimension2. In the first case that is due to the simple Fermi surface,
while in the second case either the Fermi surface is of one–dimensional character (nested
Fermi surface) or that is originated by the corners of the Fermi surface for a nearly half–filled
electron band2. These special properties are required to get logarithmic terms in the electron
hole channel (zero sound channel), on the other hand, it is well known from the theory
of the superconductivity, that the electron–electron channel with total zero momentum
(Cooper channel) is always divergent. The appearance of the logarithmic contributions are
generally controlled by the conservation of momentum. The importance of that conservation
is essentially reduced in those two–band models of arbitrary dimension, where one of the
bands is almost dispersionless thus the heavy particle can absorb an arbitrary momentum
with almost the same energy transfer. If the heavy band is close to the Fermi energy then
the diagrams containing only one light electron (hole) in the intermediate state contribute by
logarithmic terms arising from the integration with respect to the energy the light electron
(hole). The finite, but small energy and dispersion of the heavy band introduce an inherent
smearing of the logarithmic terms, thus it represents a small infrared cutoff mentioned
3
earlier.
Furthermore, in order to get relevant leading order logarithmic corrections in the absence
of special features of the Fermi surface, it is not enough to have an almost dispersionless
branch in the excitation spectrum like localized spin excitations, two–level systems3 a heavy
band etc., as for the most simple models the leading two logarithmic vertex corrections
due to intermediate states with a single light electron and hole accompanying the heavy
electron cancel each other. Such cancellation occur in the theory of the X–ray absorption
by a deep electron level, which phenomena was worked out by Mahan4, Nozie`res and de
Dominicis5,6. The logarithmic character of single loop approximation, however, sustains
in those cases where the couplings between the light and heavy electrons show non-trivial
structure exhibiting noncommutative behavior which may be due to the
(i) spin dependence7 (Kondo effect) or dependence on the atomic orbital indices of a
single atomic site8,9,
(ii) dependence on the momenta of the light electrons, which might appear as a structure
factor involving two sites in the coupling3,10–13.
The present paper is devoted to the second case, where the structure factor is associated
with the electron assisted hopping (correlated hopping) in a localized orbital picture10–13.
In those models the electron hops between two different sites, but the hopping rate depends
on the occupation of an other site by electrons. The hopping considered may be between
two localized heavy electron states10 or between a heavy and light electrons mixing the two
bands11–13. In solids the mixing cases have usually larger amplitudes as the hopping between
two heavy orbitals of smaller radius are essentially weaker.
The general form of the electron assisted interaction in the real space contains the fol-
lowing combination of creation and annihilation operators
a†α,n1aβ,n2a
†
γ,naγ,n (1.1)
where n1, n2 are sites involved by the hopping which is affected by the occupation of site n
and α, β, γ are band indices. In the following only such models are considered where either
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n1 = n or n2 = n.
That interaction in the Bloch wave form is associated with a from factors just like in the
tight binding approximation.
There are two simple sources for such assisted hopping processes:
(i) the hopping between two sites must depend on the occupation of these sites by other
electrons as additional electron or hole on the site modifies the size of the orbital in the
real space due to the Coulomb interaction, thus the hopping matrix element is changed as
well11,14.
(ii) in the site representation of the two particle Coulomb interaction which contains
two creation and two annihilation operators there are always such terms, in which one site
appears three times and another site only once15,16. These terms represent the off–diagonal
Coulomb interaction16.
The form factor appearing in the Fourier transform of the operator product given by the
expression (1.1) for e.g. n1 = n is
ei(k2+k4−k1−k3)R1eik2δRa†α,k1aβ,k2a
†
γ,k3
aγ,k4 (1.2)
where the locations of sites n1 and n2 are R1 and R2, furthermore δR = R2 − R1. The
first factor in this expression drops out as it ensures the momentum conservation which
is of limited relevance where one of the bands is flat. The important form factor which is
responsible for the noncommutative nature of the interaction is the factor eik2δR. Considering
the light electron assisted mixing term between the heavy and light bands one of α and β
belongs to the heavy band and all the others to the light band.
The large renormalizations of the different quantities as the strength of the interaction,
the mass of the light electrons and the electron–electron interaction relevant for supercon-
ductivity are due to the Coulomb interaction between the electrons in the light and heavy
band which screens the charge of the heavy electrons by the light ones. The structure of
these interaction is not crucial, thus it can be taken as a local on–site interaction with
strength U , except for those cases where the model itself requires more complicated struc-
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tures. Such interactions itself without assisted hopping does not lead to leading logarithmic
corrections17,18. The theories belonging to that general class exhibit the following common
features:
(i) The vertices are renormalized and they are power functions of the largest of the
variables ω/D, T/D and E0/D with a low energy infrared cutoff E0 discussed earlier. In
the models where there is only a structureless screening interaction U between the heavy
and light electrons the leading term of the exponent is at least quadratic in the interaction.
In the case of electron assisted band mixing treated in the present work the exponent is
linear in U as that mixing interaction is coupled to three light electrons12, in contrary to
the renormalization of the screening interaction17–19. The coefficient of U is different from
zero even if the structure factor is absent in the interaction, but its presence can enhance it
by a factor of two. Such enhancement can be very important.
(ii) The light electron mass corrections exist always due to the assisted mixing, but the
large vertex corrections can lead to a large enhancement which may reach several orders of
magnitude (heavy fermionic behavior)13.
(iii) The electron–electron interaction induced by electron assisted mixing, where the
heavy electron occurs in the intermediate state, is different from zero in the presence of the
form factor11,12,14. The vertex corrections are important and the interaction may depend
strongly on the momenta of the electrons. Without form factors such interactions are not
generated17–19.
(iv) Both the induced electron–electron interaction and the mass enhancement increase
with the strength of coupling in the weak coupling limit. For stronger coupling the density
of the light electron increases, but the single particle weights Z in their spectral functions are
drastically reduced. In the induced electron–electron interaction the square of that weights,
Z2 occurs, which dominates over the increase in the electron density which is proportional
to Z−1. Thus in these models the strength of the superconductivity is the strongest for
moderate mass enhancement 2–3 and decreasing very fast for larger mass enhancement
(Z ≪ 1). The largest available dimensionless attractive coupling is close to unity. This
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feature must be quite general for models where the electron–electron interaction is induced
and competes with the mass enhancement13.
In all of the behaviors listed above the energy and the dispersion of the heavy band play
determining role by limiting the enhancement of the vertex (infrared cutoff).
It is interesting to note, that in most of the cases2 of logarithmic problems new couplings
are generated by solving the parquet or renormalization group equations for the vertex
functions. That is the case for the two dimensional electron gas as well2. In the present
case the finite number of the generated form factors reduces the problem to a closed set of
differential equations, and their solution will be presented in analytical form.
The models where the present theory can be relevant are those, where there is a heavy flat
band. Those bands can be formed by the atomic orbitals of very small size like 4f electrons in
heavy fermionic systems and the mixing is between s− and f−electrons. Another possibility
is the case of non–bonding orbitals in complicated crystal structures14, where these orbitals
are only weakly hybridized with the conducting electrons, e.g. non–bonding pi−orbital of
oxygen in the high temperature superconductors or some appropriate orbitals in the quasi
one–dimensional conducting molecular crystals where there might be several flat bands. The
present paper is not devoted to study particular special cases, but to provide several methods
which can be applied to different concrete cases.
The paper is organized as follows: In chapter II. we are presenting the Hamiltonian of a
general model with features described above. In chapter III. we are calculating the vertex
corrections for the general model. In chapters IV. and V. the calculations of the self–energy
and the electron–electron interaction are presented and in the next chapter (VI.) the su-
perconducting transition temperature is determined. That discussion of the relation of the
mass enhancement to the generated electron–electron interaction contains quite general con-
siderations which are valid much beyond the model treated here. The formalism developed
in the previous chapters is applied to special cases: to the one dimensional electron gas
(chapter VII., see also Ref. 11) and to two models which has a resemblance to the CuO2
plane of the high temperature superconductors (chapter VIII.). In the latter case two sim-
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plified models are presented where the solution of vertex equations are essentially different.
Finally, in chapter IX. we give a brief comprehensive conclusion with some hint concerning
the applicability of the model. The chapters VII. and VIII. can be read independently.
II. THE MODEL
The model proposed consists of two electron bands in the tight binding approximation:
the broad light (l) band with bandwidth D and the narrow heavy (h) one with energy εh
(|εh| ≪ D) measured from the Fermi energy εF . The l-orbitals are on each atom. The heavy
orbitals are located at some of the atoms in the cell and they overlap only with l-orbitals of
the nearest atoms. In general theory they may be more than one heavy orbital at one site,
which corresponds to index γ. In Fig. 1 we are showing such a model in one dimensions,
where the light orbitals are s orbitals and and the heavy orbitals are of p and d type. In
Fig. 2 as an example of a two dimensional model, the CuO2 plane and the apical oxygens
below the Cu are shown. The heavy orbitals are associated with the px and py orbitals of
the apical oxygen.
The hopping Hamiltonian can be given in the terms of the annihilation operators cnδσ,
and hnγσ, where n stands for the position of the atom with heavy orbitals, the spin is σ = ±1
. The (n, δ) labels those light atoms, which are the first neighbors of the site n at (n+δ/2)a,
or at site n for δ = 0, where a is the lattice constant. The labels of the c-operators are not
defined in a unique way. For example in the case of square lattice both (n, δ) and (n+δ,−δ)
labels the same atom on the positions (n+ δ/2)a. Thus the one-particle Hamiltonian H0 is
H0 =
∑
n,σ
(εδ + εF )nnδσ + (εh + εF )
∑
n,σ,γ
h†
nγσhnγσ
+
∑
n,σ,δ,γ
tγhδh
†
nγσcnδσ +
∑
n,σ,δ,δ′
t
δδ
′c
†
nδσcnδ′σ + h.c. , (2.1)
where εδ is an energy splitting, tδδ′ and t
γ
h,δ are hopping parameters (t
γ
h,δ=0 ≪ tδδ′) and
the definition n
nδσ = c
†
nδσcnδσ is used. t
γ
h,δ must hold because of the different symmetry of
the orbitals. The hopping tδδ′ in the light band may include the site δ = 0 as well. The
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direct weak hoppings between the light and heavy bands will be taken into account as a
broadening of the h-orbitals (Γ), which may serve as a low energy cutoff in the logarithmic
integrals. The part of Eq. (2.1) due to the l-orbitals can be diagonalized and only the band
crossing the Fermi energy is kept. In the new band the annihilation operator is denoted by
dkσ where k is the momentum. The contributions to the Fourier transforms of the ckδσ of
the d-band crossing the Fermi surface are
ckδσ = φδ(k)dkσ , (2.2)
where φδ(k) are the amplitudes of the electron on the orbital denoted by δ in the state k
and the contributions of the other bands are dropped.
The interaction Hamiltonian consists of two parts, Hint = HU + Ht˜. The Hamiltonian
describing the Coulomb repulsion is given by
HU =
∑
n,δ
∑
γ,σ,σ′
Uγ
δ
h†
nγσc
†
nδσ′cnδσ′hnγσ + h.c. , (2.3)
where Uγ
δ
is the Coulomb integral between the heavy orbital γ and light orbitals at site δ
(see e.g. Fig. 1c). The Hamiltonian due to assisted hopping is
Ht˜ =
∑
n,δ
∑
γ,σ
t˜γ
δ
n
nδ−σc
†
nδσhnγσ + h.c.
=
∑
n,δ
∑
γ,σ
t˜γ
δ
c†
nδσc
†
nδ−σcnδ−σhnγσ + h.c. , (2.4)
where t˜γ
δ
is the amplitude of the assisted hopping between the heavy orbital γ and light
orbitals at site δ. The possible role of the on-site correlations between the heavy electrons
are taken into account in the renormalized parameter εh which can be used if only the single
excitation of smallest energy is considered at each h-site and the other excitations shifted in
energy due to the large on–site Coulomb interaction are dropped.
The form factor responsible for the orbital Kondo-effect arises from the Fourier transform
of the Hamiltonian Ht˜ describing the assisted hopping,
Ht˜ =
1
N2
∑
k1,k2,k3
∑
δ,γ,σ
t˜γ
δ
e−i(k1+k2−k3)δa/2φ∗δ(k1)φ
∗
δ(k2)φδ(k3)
×d†
k1σ
d†
k2−σ
d
k3−σ
hγkhσ + h.c. , (2.5)
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where kh = k1+k2−k3, the notation given by Eq. (2.2) is introduced and N is the number
of unit cells in the sample. This form factors prevents the cancellation of the logarithmically
divergent loops which usually cancel if the interaction terms are diagonal. In Fig. 3 the
diagrammatic representation of the bare interaction is shown.
Along the calculation several approximations will be applied. The momentum integrals
are split to an energy integral perpendicular to the Fermi surface and a momentum integral
on the Fermi surface. Thus e.g. in d-dimensions
1
N
∑
k
= ad
∫
ddk
(2pi)d
→ a
d
(2pi)d
∫
S
dSκ
vF (κ)
∫ D
−D
dε , (2.6)
where dSκ is a surface element of the Fermi surface, κ is the unit vector directed from the
center of the Brillouin zone to the surface element dS, and kF (κ) is the Fermi wave vector in
the direction κ. Furthermore, the form factor appearing in Eq. (2.5) and the wave functions
φδ(k) are replaced by their values taken at the Fermi surface like
e−i(k1 + k2 − k3)δa/2 → e−i[kF (κ1) + kF (κ2)− kF (κ3)]δa/2 ′ (2.7)
and
φδ(k) → φδ(k)|k=k
F
(κ) = φδ(κ) . (2.8)
The Fermi velocity vF (κ) is defined as∣∣∣∣ ∂ε∂k
∣∣∣∣
k=k
F
(κ)
= vF (κ) . (2.9)
III. VERTEX CORRECTIONS
The renormalization scheme consists of two steps due to:
(i) Coulomb interaction HU which in the leading logarithmic approximation results in
the corrections t˜Un lnn |D/ε|, (n=1,2,3...) to the vertex t˜ (see Fig. 4), where the energy
cutoff ε is the largest of the energy variables, ε = Max(|ω|, |εh|,Γ);
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(ii) assisted hopping Ht˜ in the next to leading logarithmic approximation by calcu-
lating the self–energies proportional to ωt˜2 lnD/ε and the l-particle four vertex function
∼ t˜2 lnD/ε. As a consequence an identity of Ward type, the self–energy depicted on Fig. 5
is connected with the vertex correction giving the first contribution to the induced interac-
tion V in the electron-hole channel (see Sec. V).
In both steps the h-orbitals at different sites contribute independently. Joint contribu-
tions of different sites are relevant only in higher logarithmic orders which are neglected.
The intermediate states with two l-particles or two holes do not contribute to the renor-
malization as logarithmic contribution arises from the particle-particle channel only if their
total momentum is zero. The latter is the case of the superconducting gap equation, but
not in the processes described above.
The strong renormalization of t˜ is generated by three diagrams which are depicted in
Fig. 4b. The summation of these diagrams are performed in the leading logarithmic ap-
proximation considering the “parquet” diagrams. As t˜ is a small variable compared with U
(|t˜| ≪ |U |), the equation are linearized in t˜; thus two or more h-particle intermediate states
are not included. This approximation is consistent as the parquet scheme does not contain
these diagrams. The parquet equation for vertex t˜ can be written in a schematic form as
t˜(ω) = t˜ + · · ·
∫ D
Max(|ω|,|εh|)
t˜(ε)
1
(−ε)U(ε)dε , (3.1)
where the momentum integrals and the coefficient are not presented and U(ω) = U must be
taken as it will be discussed later. The variable ε represents the smallest energy denominator
in the one h-particle and one d-particle (hole) channel.
The differential form of the schematic Eq. (3.1) is the scaling equation
ω
∂t˜(ω)
∂ω
= · · · t˜(ω)U . (3.2)
The renormalization procedure generates an effective assisted hopping, which can be
given as
1
N2
∑
γ,σ
∑
k1,k2,k3
t˜γ(κ1,κ2,κ3; ε)d
†
k1σ
d†
k2−σ
d
k3−σ
h
khγσ
, (3.3)
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where kh = k1 + k2 − k3. The unrenormalized hopping [see Eq. (2.5)] is
t˜γ(0)(κ1,κ2,κ3) =
∑
δ
t˜γ
δ
e−i[kF (κ1)+kF (κ2)−kF (κ3)]δa/2φ∗δ(κ1)φ
∗
δ(κ2)φδ(κ3) . (3.4)
Similarly, the momentum representation of the effective Coulomb repulsion is
1
N2
∑
γ,σ
∑
k1,k2,kh1
Uγ(κ1,κ2)h
†
kh1γσ
d†
k1−σ
d
k2−σ
h
kh2γσ
. (3.5)
where kh2 = kh1 + k1 − k2.
The present treatment is essentially simplified by the fact, that logarithmic vertex cor-
rection of the Coulomb vertices shown in Fig. 4a cancel out as they describe static potential
represented by the h-particle, thus the scattering strength Uγ
δ
is not renormalized. Thus the
effective Coulomb interaction Uγ(κ,κ′) remains diagonal and can be given as
Uγ(κ,κ′) =
∑
δ
Uγ
δ
e−i[kF (κ)−kF (κ
′)]δa/2φ∗
δ
(κ)φδ(κ
′) . (3.6)
In the case of the assisted hopping such cancelations does not occur, since the form
factors in front of the loop contributions are not the same, and we can get the following
scaling equation in leading logarithmic order:
ω
∂
∂ω
t˜γ(κ1,κ2,κ3, ω) = ρ〈Uγ(κ1,κ)t˜γ(κ,κ2,κ3, ω)〉κ
+ ρ〈Uγ(κ2,κ)t˜γ(κ1,κ,κ3, ω)〉κ
− ρ〈t˜γ(κ1,κ2,κ, ω)Uγ(κ,κ3)〉κ , (3.7)
where the three terms on the right hand side corresponds to diagrams shown in Fig. 4b.
Here we introduced the notation of the average of a function f(κ) over the Fermi surface as
〈f(κ)〉
κ
=
ad
(2pi)dρ
∫
dSκ
vF (κ)
f(κ) , (3.8)
in dimension d, and ρ is the density of states,
ρ =
ad
(2pi)d
∫
dSκ
vF (κ)
. (3.9)
The scaling Eq .(3.7) can be transformed to a real space representation by assuming the
Ansatz
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t˜γ(κ1,κ2,κ3, ω) =
∑
δ1,δ2,δ3
t˜γ
δ1δ2δ3
(ω)φ∗δ1(κ1)φ
∗
δ2
(κ2)φδ3(κ3)
×e−i[kF (κ1)δ1+kF (κ2)δ2−kF (κ3)δ3]a/2 , (3.10)
(where δ points to nearest neighbor or δ = 0), thus the following closed set of equations is
obtained:
ω
∂t˜γ
δ1δ2δ3
(ω)
∂ω
= ρ
∑
δ
(
Uγ
δ1
Fδ1δt˜
γ
δδ2δ3
(ω) + Uγ
δ2
Fδ2δt˜
γ
δ1δδ3
(ω)− t˜γ
δ1δ2δ
(ω)Fδδ3U
γ
δ3
)
. (3.11)
Here the Fδδ′ incorporates the form factors by the definition
Fδδ′ = 〈eikF (κ)(δ−δ′)a/2φδ(κ)φ∗δ′(κ)〉 (3.12)
which appears in the transition amplitude of an l–electron between two sites, δ and δ′, in
the tight binding approximation. As a special case, the ρδ = ρFδδ gives the partial density
of states at a site δ.
The solution of the differential Eq. (3.11) can be given immediately as:
t˜γ
δ1δ2δ3
(ω) =
∑
δ
′
1δ
′
2δ
′
3
[(
D
ω
)ρUγF]
δ1δ
′
1
[(
D
ω
)ρUγF]
δ2δ
′
2
t˜
γ(0)
δ
′
1δ
′
2δ
′
3
[(
D
ω
)−ρFUγ]
δ
′
3δ3
, (3.13)
where we used the notation F and Uγ for the matrix Fδδ′ and the diagonal matrix U
γ
δδ
′ =
Uγ
δ
δδδ′. Unfortunately this form of the solution is not suitable for further calculations. In
the actual computation let us consider the eigenvalue problem of the matrix UγF appearing
in the exponent:
∑
δ
′
Uγ
δ
Fδδ′s
γ,j
δ
′ = λ
γ
j s
γ,j
δ
, (3.14)
where j labels the eigenvalues thus the spectral decomposition of the matrix UγF, which is
not necessarily uniter, can be given as
Uγ
δ
Fδδ′ =
∑
j
λγj s
γ,j
δ
rγ,j
δ
′ , (3.15)
with the row vectors r orthogonal to the column vectors s, thus
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∑
δ
rγ,j
δ
sγ,j
′
δ
= δjj′ . (3.16)
In general the matrix UγF is not invertable, that is why the left and the right eigenvectors
can be different, such an example is presented in Sec. VIII. (case A).
Using the identity (UγF)δδ′ = (FU
γ)∗
δ
′
δ
, which follows form Eq. (3.12) and that Uγ is
diagonal and real, thus the left eigenvectors of FUγ are the sγ,j∗ and writing t˜γ
δ1δ2δ3
as a
linear combination of the eigenvectors s as
t˜γ
δ1δ2δ3
=
∑
ijk
t˜γijk(ω)s
γ,i
δ1
sγ,j
δ2
s∗γ,k
δ3
, (3.17)
the scaling Eq. (3.11) can be diagonalized and we obtain a set of decoupled linear differential
equations for the t˜γijk(ω)
ω
∂t˜γijk(ω)
∂ω
= (λi + λj − λk)ρt˜γijk(ω) , (3.18)
whose solution is
t˜γijk(ω) = t˜
γ(0)
ijk
(
D
ω
)(λi + λj − λk)ρ
. (3.19)
Putting Eqs. (3.10), (3.17) and (3.19) together, we get the fully factorized form of the
effective assisted hopping:
t˜γ(κ1,κ2,κ3, ω) =
∑
ijk
ξγi (κ1)ξ
γ
j (κ2)ξ
∗γ
k (κ3)
(
D
ω
)(λi+λj−λk)ρ
t˜
γ(0)
ijk , (3.20)
where we have introduced
ξγj (κ) =
∑
δ
φ∗
δ
(κ)sγ,j
δ
e−ikF (κ)δa/2 . (3.21)
The exponents are of the order of ρU , since in the eigenvalue Eq. (3.14) F is of the order of
unity, thus the magnitude of λ is determined by U .
The couplings t˜
γ(0)
ijk can be determined from the initial (unrenormalized) couplings (with
D being the bandwidth) t˜γ(0)(κ1,κ2,κ3) = t˜
γ(κ1,κ2,κ3, ω = D) [see Eqs. (3.4) and (3.20)],
since in that case
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t˜γ(0)(κ1,κ2,κ3, D) =
∑
ijk
ξγi (κ1)ξ
γ
j (κ2)ξ
∗γ
k (κ3)t˜
γ(0)
ijk . (3.22)
After some algebraic manipulations we get
t˜
γ(0)
ijk =
∑
δ
t˜γ
δ
rγ,i
δ
rγ,j
δ
r∗γ,k
δ
. (3.23)
The latter equation tells us that t˜
γ(0)
ijk is symmetrical in the first two indices ( t˜
γ(0)
ijk = t˜
γ(0)
jik )
and as a consequence [see Eq. (3.20)] the t˜γ(κ1,κ2,κ3, ω) is also symmetrical in the first two
κ variables:
t˜γ(κ1,κ2,κ3, ω) = t˜
γ(κ2,κ1,κ3, ω) . (3.24)
For later use we mention, that the average of ξ∗ξ can be expressed as
〈ξ∗γj (κ)ξγj′(κ)〉κ =
∑
δδ
′
s∗γ,j
δ
Fδδ′s
γ,j′
δ
′ . (3.25)
A similar approach was used by Dzyaloshinski2 in case of the two dimensional nearly
nested electron gas. However, unlike in our case, those scaling equations do not form a
closed set.
IV. LIGHT PARTICLE SELF-ENERGY
Unlike to usual renormalization procedure, where the self–energy corrections become
important only in the next to leading logarithmic order, in our case we expect a large mass
renormalization for the light electrons as the logarithmic corrections in the self–energy and
in the generated electron–electron interaction occur on the same level.
The l-electron self–energy diagrams are shown in Fig. 5. We are going to evaluate them
for those electrons which are close to the Fermi level and we assume that |εh| ≪ εF or for
energies close to εh. The latter case is of no importance for later calculation and we are
presenting it just for being interesting.
The heavy particle self–energy of the lowest order contains three l-electron lines in the
intermediate state, thus it is nonlogarithmic except in one dimension.
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A. Self–energy near the Fermi-level
In the logarithmic approximation the intermediate state with the two smallest l-electron
energy variables ξ1 and ξ2 must be picked up and then both vertices must be fully renor-
malized, but their lower cutoff must be replaced by |εh|. A typical integral to be calculated
for the self–energy with energy ω ≪ εh is∫ D
εh
dξ1
∫ D
εh
dξ2
(
D
ξ1 + ξ2
)α ±sign(εh)
±sign(εh)ω − (ξ1 + ξ2 + |εh|) =
= −(ω ∓ εh)A(D/|εh|) , (4.1)
where the sign is appropriately chosen to give the correct contributions of different diagrams:
the upper sign stands for the first two diagrams and lower sign for the last in Fig. 5. In
the actual calculation we pick up the most divergent term, so that the largest exponent
is taken as α. The vertex contributions contains also ω variables, but its sign is not well
defined. It is easy to demonstrate that the appearance of such an ω changes the right hand
side of Eq. (4.1), by factors like (1 ± α)−1. As the logarithmic approximation is applied,
therefore, the corrections proportional to U must be neglected. Furthermore, the shift of
chemical potential εhA is also only an approximate value, since the in this approximation it
is difficult to determine exactly6. The coefficient A can be calculated and
A(D/|εh|) = 1
α
[(
D
|εh|
)α
− 1
]
(4.2)
is obtained.
The complete expression for the self–energy is
Σl(κ, ω) =
∑
γ
∫ D
Max(ω,εh)
dε ρ2
×
(〈
t˜γ(κ,κ′,κ′′; ε)
1
ε
t˜γ∗(κ,κ′,κ′′; ε)
〉
κ′κ′′
+
〈
t˜γ(κ′,κ,κ′′; ε)
1
ε
t˜γ∗(κ′,κ,κ′′; ε)
〉
κ′κ′′
−
〈
t˜γ(κ′,κ′′,κ; ε)
1
ε
t˜γ∗(κ′,κ′′,κ; ε)
〉
κ′κ′′
)
, (4.3)
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where the different terms on the right hand side comes from the three diagrams in Fig. 5,
respectively. Performing the integration, we get
Σl(κ;ω) = −ω[χ1(κ) + χ2(κ) + χ3(κ)]ρ2A(D/εh)
+ εh[χ1(κ) + χ2(κ)− χ3(κ)]ρ2A(D/εh) , (4.4)
where
χ1(κ)
χ2(κ)
χ3(κ)


=
∑
γ


〈t˜γ(κ,κ′,κ′′)t˜γ∗(κ,κ′,κ′′)〉
κ′κ′′
〈t˜γ(κ′,κ,κ′′)t˜γ∗(κ′,κ,κ′′)〉
κ′κ′′
〈t˜γ(κ′,κ′′,κ)t˜γ∗(κ′,κ′′,κ)〉
κ′κ′′
, (4.5)
and, furthermore, the most divergent term of t˜γ [see Eq. (3.20)] is used (the exponent α is
the largest of the eigenvalue combination λi + λj − λk), which is a good approximation for
most of the cases.
The symmetry of t˜γ [see Eq. (3.24)] implies χ1(κ) = χ2(κ), furthermore, the average
over the Fermi surface of every χj(κ) is equal and will be denoted by χ.
Knowing the self–energy given by Eq. (4.4), the renormalized one particle Green’s func-
tion is obtained as
Gl(k, ω) =
Zκ
ω − vF,ren(κ)[k − kF (κ)]
, (4.6)
where we have neglected the renormalization of the chemical potential, which comes from
the second term in Eq. (4.4) and it is hard to calculate in leading logarithmic order approx-
imation. The renormalization constant is defined as
Z−1κ = 1−
∂ReΣl(ω, k)
∂ω
∣∣∣∣
ω=0
= 1 + [2χ1(κ) + χ3(κ)]ρ
2A(D/|εh|) > 1 , (4.7)
and the Fermi velocity is renormalized nearby the Fermi surface as
vF,ren(κ) = vF (κ)Zκ < vF (κ) , (4.8)
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thus it is suppressed, leading to mass enhancement. The dispersion curve is schematically
plotted in Fig. 7. In the case of the large renormalization described by Zκ ≪ 1 the large
modification of the dispersion curve is expected for |ω| < |εh| and the renormalization
gradually disappears as approaching larger energies, |ω| > |εh|. Thus, the large enhancement
of the density of states is restricted to a small energy region |ω| < |εh|Zκ.
The average strength of the mass enhancement can be given by
〈Z−1
κ
〉 = 1 + 3χρ2A(D/|εh|) . (4.9)
The mass renormalization can be very large, thus the scaling may result in heavy
fermionic behavior. The calculation presented are justified only in the region α ≪ 1, but
there is no indication for nonanalytical behavior, thus in order to get qualitative result the
extrapolation for intermediate coupling α < 1/2 is adequate. As it is known from the X-ray
absorption problem6, for large Uρ that quantity must be replaced by δ/pi where δ is the
phase shift (δ ≤ pi/2).
In Eq. (4.6) there is also a shift of the energy proportional to χ1(κ) + χ2(κ) − χ3(κ)
which is sensitive on the direction κ. That shift changes the number of the electrons inside
the Fermi surface, thus the Fermi energy must be corrected in order of ρ2χεhA(D/εh)Zκ to
keep the number of particles inside the Fermi surface unchanged and that is associated also
with the deformation of shape of the Fermi surface.
Finally it must be mentioned, that even a large wave function renormalization does not
play an important role in the vertex equation for t˜, as the Green’s functions are taken
between two points in the real space not further apart than the lattice constant. In that
case the Fourier transform of the Green’s function multiplied by a slowly varying function
like exp(ikxa/2) must be integrated with respect to the momentum. The result is almost
independent of the self–energy and the correction is O(Σ/D).
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B. Self–energy near the singularity
If the energy of the electron is large enough, than the scattering of an electron from the
filled Fermi sea to the unoccupied heavy level becomes a real process, and we are faced with
a problem very similar to that of the X–ray edge6, where a power–law behavior is observed
in the absorption function. In our case the role of the X–ray is taken over by the incoming
light electron, and power–like behavior is expected in the imaginary part of the self–energy
and so in the spectral functions. For simplicity we are going to consider the εh > 0 case
here. Similar considerations are valid if εh < 0.
It is easy to see, that in Fig. 5 for ω ≈ εh the first diagram Σl,1(ω,κ) and second diagram
Σl,2(ω,κ), while for ω ≈ −εh the third diagram Σl,3(ω,κ) is singular. In this case the integral
in (4.1) is
∫ D
|ω−εh|
dξ1
∫ D
|ω−εh|
dξ2
(
D
ξ1 + ξ2
)α ±1
±ω − (ξ1 + ξ2 + |εh|) =
= −(ω ∓ εh)A(D/|ω ∓ εh|)[1± iαpiΘ(±ωεh)] , (4.10)
where the Θ(x) is the step function and it ensures the proper analytical behavior. The signs
are the same as they were in Eq. (4.1).
For this special choice of energies the renormalization of the assisted hopping [Eq. (3.7)]
should be considered more carefully. It turns out that the energies of the internal electron
lines are such, that for Σl,1(ω,κ) the first term in Eq. (3.11) is not singular, similarly for
Σl,2(ω,κ) the second term and for the Σl,3(ω,κ) the third term can be neglected, so that
the exponent λi + λj − λk is reduced to the values λj − λk, λi− λk and λi + λj respectively.
The exponent α should be associated with the largest exponent for each case separately and
will be denoted by α1 = α2 and α3, and Ai is the function defined by Eq. (4.2) with α = αi.
Putting everything together, the self–energy for energies near ω = εh is
Σl(κ;ω) = −(ω − εh)[χ1(κ) + χ2(κ)]ρ2A1(D/|ω − εh|)[1 + iα1piΘ(ω − εh)] (4.11)
and
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Σl(κ;ω) = −(ω + εh)χ3(κ)ρ2A3(D/|ω + εh|)[1− iα3piΘ(−ω − εh)] (4.12)
for ω ≈ −εh. The χ(κ)-s are the ones defined by Eq. (3.21), however the terms to be
averaged are not the same and, therefore, the averages are no more equal.
The imaginary parts of the self–energies (4.11) contribute to the spectral densities of
the particles and it emerges as soon as the energy of the electron is larger then ≈ εh, while
the self–energy (4.12) gives similar contribution for the spectral density of the holes having
energy below the threshold −εh.
V. GENERATED INTERACTION BETWEEN THE LIGHT ELECTRONS
To address the possibility of superconductivity in light band in these models, we need
to calculate the generated interaction in this band for parallel– and anti–parallel spin. The
typical diagrams are shown in Fig. 6. In the logarithmic approximation the intermediate
state with one h–electron and the l–electron with the smallest energy must be picked up
and in vertices that energy must must be used as the lower cutoff.
The schematic form of the generated interaction is
∫ D
ω
t(ε)
1
−εt(ε)dε ∼ −t
2(ε) (5.1)
without numerical factors containing the strength of the Coulomb interaction.
The calculation is straightforward in the time-ordered diagram technique. For the inter-
action in the anti-parallel spin channel the contribution of the four diagrams in Fig. 6(a)
is
V ⊥(κ1,κ2,κ3,κ4) = −ρ
∑
γ
∫ D
Max(ω,εh)
dε
×
(
〈t˜γ(κ1,κ2,κ; ε)1
ε
t˜γ∗(κ4,κ3,κ; ε)〉κ + 〈t˜γ(κ2,κ1,κ; ε)
1
ε
t˜γ∗(κ3,κ4,κ; ε)〉κ
−〈t˜γ(κ1,κ,κ3; ε)1
ε
t˜γ∗(κ4,κ,κ2; ε)〉κ− 〈t˜γ(κ2,κ,κ4; ε)
1
ε
t˜γ∗(κ3,κ,κ1; ε)〉κ
)
. (5.2)
The evaluation of diagrams shown in Fig. 6(b) gives in the parallel spin channel
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V ‖(κ1,κ2,κ3,κ4) = −ρ
2
∑
γ
∫ D
Max(ω,εh)
dε
×
(
〈t˜γ(κ,κ1,κ4; ε)1
ε
t˜γ∗(κ,κ3,κ2; ε)〉κ + 〈t˜γ(κ,κ2,κ3; ε)
1
ε
t˜γ∗(κ,κ4,κ1; ε)〉κ
−〈t˜γ(κ,κ1,κ3; ε)1
ε
t˜γ∗(κ,κ4,κ2; ε)〉κ− 〈t˜γ(κ,κ2,κ4; ε)
1
ε
t˜γ∗(κ,κ3,κ1; ε)〉κ
)
, (5.3)
where we have antisymmetrized the interaction. These expressions can be evaluated by
using Eq. (3.20) for the scattering amplitude. The induced interaction is constant in the
energy range |ω| < Z|εh| and drops rapidly for higher energies.
The interaction can be split into two terms: the interaction V S between electrons forming
a singlet and V T between electrons in a triplet state. In the singlet state the spin part of
the wave function is antisymmetrized, so the V S is symmetrical in the κ1 and κ2 variables
V S(κ1,κ2,κ3,κ4) = V
S(κ2,κ1,κ3,κ4) . (5.4)
For the triplet case the symmetrycal spin wavefunction implies antisymmetrycal property of
the V T , so
V T (κ1,κ2,κ3,κ4) = −V T (κ2,κ1,κ3,κ4) , (5.5)
and similar holds for the last two κ variables. Furthermore, it is evident that for both
interactions
V S,T (κ1,κ2,κ3,κ4) = V
S,T (κ2,κ1,κ4,κ3) . (5.6)
The V ‖ is by definition the interaction between electrons in triplet state. To V ⊥, however,
both the singlet and triplet states contributes. We can split them by using the symmetry of
the V S and V T :
V S(κ1,κ2,κ3,κ4) =
1
2
[V ⊥(κ1,κ2,κ3,κ4) + V
⊥(κ2,κ1,κ3,κ4)] , (5.7)
and
V T (κ1,κ2,κ3,κ4) =
1
2
[V ⊥(κ1,κ2,κ3,κ4)− V ⊥(κ2,κ1,κ3,κ4)] . (5.8)
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The latter must be exactly V ‖(κ1,κ2,κ3,κ4), as it can be seen if we take into account the
symmetries of t˜γ [Eq. (3.24)]. This separation is possible because of the absence of the
spin-orbit coupling in this model.
Performing the energy integral, we get for the interaction in the singlet channel
V S(κ1,κ2,κ3,κ4) = −ρ
2
∑
γ
A(D/εh)
(
4〈t˜γ(κ1,κ2,κ)t˜γ∗(κ4,κ3,κ)〉κ
−〈t˜γ(κ1,κ,κ3)t˜γ∗(κ4,κ,κ2)〉κ − 〈t˜γ(κ2,κ,κ4)t˜γ∗(κ3,κ,κ1)〉κ
−〈t˜γ(κ2,κ,κ3)t˜γ∗(κ4,κ,κ1)〉κ − 〈t˜γ(κ1,κ,κ4)t˜γ∗(κ3,κ,κ2)〉κ
)
(5.9)
and for the triplet channel the result is identical with Eq. (5.3) where the energy integral
must be replaced by A(D/εh).
We can see that if the assisted hopping t˜γ is structureless, than the generated interaction
disappears both in singlet and triplet channel. However, a small κ dependence can lead to
finite interactions which may be enhanced due to large A(D/|εh|).
VI. SUPERCONDUCTING TRANSITION TEMPERATURE
As it has been mentioned in Sec.II the induced interaction between the light particles
(Fig. 6) and the self–energy (Fig. 5) are connected by identities similar to the Ward identities.
The Ward identities are valid only in the electron-hole channel with zero total spin and not
in the Cooper channel. These relations are due to the fact, that both occurs first in the
second order of the perturbation theory on t˜. That is in contrast to most of the other
logarithmic theories, where the vertex correction exists already in the first order. Thus in
the present case, the induced vertex and the self–energy must be treated simultaneously in
determinations of the superconducting order parameter ∆ and of the transition temperature,
which are based on the selfconsistent equation shown by diagrams in Fig. 8.
The order parameter is defined as ∆σσ′(k) = 〈ck,σc−k,σ′〉 , where σ and σ′ stand for spins.
Separating the spin wave function, ∆ is either even or odd function of k, depending whether
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we are looking at singlet (∆S) or triplet (∆T ) Cooper-pairs. Using the interaction V S(T ),
the self-consistent equation for ∆S(T ) is
∆S(T )(k) = −Tc 1
N
∑
k′
∑
ωm
V S(T )(k,−k,−k′,k′)
× G(k′;ωm)G(−k′;ωn − ωm)∆S(T )(k′) , (6.1)
with Tc being the transition temperature and ωm = (2m+1)piT are the Matsubara frequen-
cies. After summing over the internal energy, we arrive at
∆S(T )(κ) = −Tcρ
∑
ωm<ωc
pi
|ωm| 〈V
S(T )(κ,−κ,−κ′,κ′)Z(κ′)∆S(T )(κ′)〉
κ′
, (6.2)
where we introduced the frequency cutoff ωc as we have replaced the ωm dependent quantities
by their low frequency values, assuming that Tc is much smaller than the characteristic
energy εh. In our case the ωc is determined by the fact, that the contributions for the
integral over the internal energy comes from energies smaller than Z|εh|, as it is determined
by the linear part of the dispersion curve where the density of states is enhanced (Fig. 7),
so the summation over the frequencies yields
∆S(T )(κ) = − ln
(
1.13|εh|Z
Tc
)
ρ〈V S(T )(κ,−κ,−κ′,κ′)Z(κ′)∆S(T )(κ′)〉
κ′
. (6.3)
In other words, in the selfconsistent equation for the order parameter each interaction
V is associated with two Greens’s function. Only the contribution of electrons with energy
ω < εh is kept as the vertex drops rapidly for larger energy. For the dominating low energy
electron the strength of the poles is Zκ, and its energy |ω| < εhZκ (see Fig. 7). Furthermore,
the density of states ρ for such electrons is also enhanced by Z−1κ [see Eq. (4.8)] .
In the singlet channel, where it can be assumed that the κ–dependence of the super-
conducting order parameter ∆(κ) is weak, the approximate strength of the dimensionless
effective coupling is obtained by evaluating Eq. (6.3) so that
g
(S)
eff ∼ ρ〈V S(κ,−κ,−κ′,κ′)〉κ,κ′〈Z(κ′)〉κ′
∼ 〈Z−1〉−1〈V S〉ρ , (6.4)
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where in the last approximation Zκ is replaced by its average over the Fermi surface [see
Eq. (4.9)]. If the κ–dependence of the V and Z is not large, then the average of V S is of
the order of ρχA. Inserting the calculated value of Zκ given by Eq. (4.9), we can see that
the dimensionless coupling is
g
(S)
eff = q
χρ2A(D/εh)
1 + 3χρ2A(D/εh)
, (6.5)
where q is of the order of unity and depends on the details on the κ–dependencies, which
is approximated in Eq. (6.4). If the mass renormalization is large, 1 + 3χρ2A(D/εh) ≫ 1,
then the denominator is important and g
(S)
eff saturates.
In this way in the BCS theory the transition temperature is
Tc = |εh|〈Zκ〉 e−1/g
(S)
eff (6.6)
which can be expressed as a function of the averaged mass enhancement 〈Z−1κ 〉 given by
Eq. (4.9) and of the parameter q. That function is shown in Fig. 9. The transition tem-
perature Tc is suppressed by the decreasing 〈Zκ〉 for strong renormalization. The critical
temperature is the largest in an intermediate region of moderate renormalization where the
mass enhancement 〈Z−1κ 〉 ∼ 2− 5. As we have seen, in general it is essential to include the
renormalization of the Fermi-velocity due to self–energy to get a consistent treatment of the
superconductivity.
VII. THE 1D MODEL
To demonstrate the procedure described in the previous sections, let us apply it to a
1-dimensional case introduced by one of the authors11. In this model the light orbitals are
on every site n and the heavy orbitals are on every second site, as shown in Fig. 1. The
degeneracy of the heavy orbitals is neglected thus the index γ will be dropped. The hopping
to heavy orbitals is tγh,δ = th and the hoppings between the neighboring light orbitals are t,
the Coulomb repulsion between the light and heavy orbitals is
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Uδ =


U , if δ = 0
U ′ , if δ = ±1 ,
(7.1)
where the on–site and nearest neighbor interaction is kept. Finally, the assisted hopping is
t˜δ =


0 , if δ = 0
t˜ , if δ = ±1 .
(7.2)
in case of light s and heavy d orbitals, where the wave functions have the same sign in the
regions of the overlap. In the previous work11 U ′ = 0 was taken.
The dispersion relation of the fermions in the light band, shown in Fig. 10, is given by
ω±(k) =
∆ε
2
±
√(
∆ε
2
)2
+ 4t2 cos2
ka
2
(7.3)
in the tight binding approximation, where the +(−) stands for upper(lower) band, the
Brillouin zone is −pi/a < k < pi/a, and ∆ε = εδ−ε0 is the relative shift of the atomic levels.
As a next step, we have to determine the amplitude φ(κ) for δ = ±1, 0 [see Eq. (2.2)].
In the case of even tδδ′ the φ-s are not κ dependent and φ+1 = φ−1. Since the probability
is normalized, φ2±1 + φ
2
0 = 1, we can parametrize φ-s by φ+1 = φ−1 = cosϕ and φ0 = sinϕ.
Here the subscript +1 (−1) stands for the right (left) neighbors for the heavy orbital. If the
energy levels of the light orbitals are the same (εδ = 0), then all the φ-s are equal to 1/
√
2
(ϕ = pi/4). In the general case the ϕ can be estimated as
tanϕ =
∆ε
2t cosϑ
+
√(
∆ε
2t cosϑ
)2
+ 1 , (7.4)
where ϑ = kFa/2 is introduced in accordance with Ref. 11. It depends on the filling ν,
ϑ = piν/2 for the lower band (ν < 1) and ϑ = pi(1− ν/2) for the upper band (ν > 1).
Specially, in one dimension, Eq. (2.6) reduces to
1
N
∑
k
= a
∫
dk
2pi
→ a
2pi
1
vF
∑
κ=±1
∫ D
−D
dε , (7.5)
where κ = 1 and −1 denotes right and left moving electrons, with kF (1) = kF and kF (−1) =
−kF , similarly for the velocities vF (±1) = ±vF . The form factor appearing in Eq. (2.7) is
also simplified significantly, since there are only four combinations exp(±iϑ) and exp(±i3ϑ).
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The density of states ρ [Eqs. (3.9)] is the usual one for the tight binding approximation:
ρ =
1
2pi
2a
vF
, (7.6)
and the calculation of the amplitudes Fδδ′ [Eq. (3.12)] gives
F00 = sin
2 ϕ
F++ = F−− = cos
2 ϕ
F0+ = F0− = cosϑ cosϕ sinϕ
F+− = cos 2ϑ cos
2 ϕ . (7.7)
The UF matrix is then
UF =


U ′ cos2 ϕ U ′ cosϑ cosϕ sinϕ U ′ cos 2ϑ cos2 ϕ
U cosϑ cosϕ sinϕ U sin2 ϕ U cos ϑ cosϕ sinϕ
U ′ cos 2ϑ cos2 ϕ U ′ cosϑ cosϕ sinϕ U ′ cos2 ϕ

 , (7.8)
The matrix UF is not symmetric, thus the left and right eigenvectors are different, and one
obtains for right and left eigenvectors
s(1) =


U ′ cosϕ cosϑ
U sinϕ
U ′ cosϕ cosϑ

 s(2) =


sinϕ
−2 cosϕ cosϑ
sinϕ

 s(3) =


1
0
−1

 (7.9)
and
r(1) =
1
λ1
(cosϕ cosϑ , sinϕ , cosϕ cosϑ)
r(2) =
1
2λ1
(U sinϕ , −2U ′ cosϕ cosϑ , U sinϕ)
r(3) = (1/2 , 0 , −1/2) , (7.10)
with eigenvalues λ1 = U sin
2 ϕ+ 2U ′ cos2 ϕ cos2 ϑ, λ2 = 0 and λ3 = 2U
′ cos2 ϕ sin2 ϑ.
The functions ξ [see Eq. (3.21)] are
ξ1(κ) = λ1
ξ2(κ) = 0
ξ3(κ) = −i2 sin κϑ cosϕ . (7.11)
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The nonvanishing averages are
〈|ξ1(κ)|2〉 = λ21
〈|ξ3(κ)|2〉 = 4 cos2 ϕ sin2 ϑ . (7.12)
From Eq. (3.23), we get
t˜
(0)
111 = 2t˜
1
λ31
cos3 ϑ cos3 ϕ
t˜
(0)
133 = t˜
(0)
313 = t˜
(0)
331 =
t˜
2
1
λ1
cosϑ cosϕ , (7.13)
so that for the effective assisted hopping we get
t˜(κ1, κ2, κ3;ω) = 2t˜ cos
3 ϕ
{
[cos3 ϑ+ cos ϑ(sin κ1ϑ+ sin κ2ϑ) sin κ3ϑ](D/ω)
ρλ1
− cosϑ sin κ1ϑ sin κ2ϑ(D/ω)ρ(2λ3−λ1)
}
. (7.14)
Since in the assisted hopping only the transitions of an electron from one of the neighbor-
ing sites to the heavy orbital play role, the amplitude cos3 ϕ is easy to understand being
associated with the three light electron lines. Furthermore, we can see that the Coulomb
interactions appear in the exponent only as the combinations U ′ cos2 ϕ and U sin2 ϕ, what
means that the Coulomb repulsions enters only as effective repulsion normalized by the
single site fermion densities.
As κ can have the values ±1, the assisted hopping can be given by the four amplitudes
t˜1, t˜2, t˜3 and t˜4, introduced in Ref. 11. They can be expressed by t˜(κ1, κ2, κ3;ω) as
t˜1 = t˜(1,−1, 1;ω) = t˜∗(−1, 1,−1;ω)
t˜2 = t˜(1,−1,−1;ω) = t˜∗(−1, 1, 1;ω)
t˜3 = t˜(1, 1,−1;ω) = t˜∗(−1,−1, 1;ω)
t˜4 = t˜(1, 1, 1;ω) = t˜
∗(−1,−1,−1;ω) (7.15)
so that
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t˜1 = t˜2 = 2t˜ cos
3 ϕ
[
cos3 ϑ(D/ω)ρλ1 + cosϑ sin2 ϑ(D/ω)ρ(2λ3−λ1)
]
t˜3 = 2t˜ cos
3 ϕ
[
(cos3 ϑ− 2 cosϑ sin2 ϑ)(D/ω)ρλ1 − cosϑ sin2 ϑ(D/)ρ(2λ3−λ1)
]
t˜4 = 2t˜ cos
3 ϕ
[
(cos3 ϑ+ 2 cosϑ sin2 ϑ)(D/ω)ρλ1 − cosϑ sin2 ϑ(D/ω)ρ(2λ3−λ1)
]
. (7.16)
These equation are exactly the solutions of the Eq. (7) in Ref. 11 with initial couplings
t˜
(0)
1 = t˜
(0)
2 = t˜
(0)
4 = t˜ cos
3 ϕ cosϑ , t˜
(0)
3 = t˜ cos
3 ϕ cos 3ϑ, U ′ = 0 and ϕ = pi/4.
As a next step we calculate the generated interactions between the fermions in the light
band. We are using the notations common in the theory of the one–dimensional Fermi gas.
For a review, we refer to the paper of So´lyom1.
In the antiparallel channel the forward scattering, denoted by g2, is
g2 = V
⊥(1,−1,−1, 1) = 2|t˜1|2 − 2|t˜3|2 . (7.17)
Replacing the assisted hopping by its most divergent part, determined by the largest expo-
nent, we get
g2 = (2t˜ cos
3 ϕ)2


2 sin2 2ϑ cos 2ϑ(D/εh)
2λ1 , if λ1 > λ3
0 , if λ1 < λ3 .
(7.18)
If λ1 > λ3, than g2 is positive for small fillings and became negative for larger fillings.
For the backward scattering, where the momentum transfer is large (2kF ), we get
g1⊥ = V
⊥(1,−1, 1,−1) = 2t˜1(t˜2 − t˜4) + 2t˜∗1(t˜∗2 − t˜∗4) ,
g1‖ = V
‖(1,−1, 1,−1)− V ‖(1,−1,−1, 1) + g2 = 4|t˜1|2 − 2t˜∗2t˜4 − 2t˜2t˜∗4 . (7.19)
Since t1 = t
∗
2, the g1⊥ = g1‖ = g1 holds, which means that the model is isotropic, and
g1 = (2t˜ cos
3 ϕ)2


− sin2 2ϑ(1 + cos 2ϑ)(D/εh)2λ1 , if λ1 > λ3
sin2 2ϑ(1− cos 2ϑ)(D/εh)4λ3−2λ1 , if λ1 < λ3 .
(7.20)
They are presented in Fig. 11.
In one dimension the values of these couplings determine the nature of the ground state1.
We analyse the λ1 > λ3 and the λ3 > λ1 region separately. In the first case the g1 is
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negative, and depending whether the sign of the combination g1−2g2 is positive or negative,
the expected ground state is singlet superconductivity or a CDW. A simple calculation
shows that for ϑ < ϑC the ground state is CDW and for larger filling (ϑ > ϑC) we expect
superconductivity, where cos 2ϑC = −1/5 (this corresponds to filling nC = 0.564). On the
other hand, if the exponent 2λ3 − λ1 is larger, then g1 − 2g2 is always positive. Since g1
is positive, we get triplet superconductivity. The two exponents are equal if U sin2 ϕ =
−2U ′ cos2 ϕ cos 2ϑ. The phase diagram for this model is then shown in Fig. 12(a), where we
can see that the nature of superconductivity changes as the Coulomb interaction increases
between the heavy orbital and light orbital on the neighboring site.
There is also a strong mass renormalization in this model. It is easy to see, that χ1 =
χ2 = χ3 = χ are equal [see Eq. (4.5)], and
χ ∼ t˜21 + t˜22 + t˜23 + t˜24 . (7.21)
Putting in the actual expression for t˜-s, we get
χ = (2t˜ cos3 ϕ)2


4 cos2 ϑ(cos4 ϑ+ 2 sin4 ϑ) , if λ1 > λ3
sin4 2ϑ cos2 ϑ) , if λ1 < λ3 .
(7.22)
which become large for intermediate fillings.
If the parity of the light and heavy orbitals is not the same (e.g. light s− or d− orbitals
and heavy f orbitals, see Fig. 1(b)), then the assisted hopping is odd and
t˜δ =


0 , if δ = 0
δt˜ , if δ = ±1 .
(7.23)
The parity of the assisted hopping has no effect to the eigenvalues and eigenvectors of the
UF. Using Eq. (3.23), the t˜
(0)
ijk-s are in this case
t˜
(0)
333 =
t˜
4
,
t˜
(0)
113 = t˜
(0)
131 = t˜
(0)
113 = t˜
1
λ21
cos2 ϑ cos2 ϕ , (7.24)
and for the effective assisted hopping we get
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t˜(κ1, κ2, κ3;ω) = −2it˜ cos3 ϕ
{
[sin κ1ϑ sin κ2ϑ sin κ3ϑ+ cos
2 ϑ(sin κ1ϑ+ sin κ2ϑ)](D/ω)
ρλ3
− cos2 ϑ sin κ3ϑ(D/ω)ρ(2λ1−λ3)
}
. (7.25)
In this case the t˜1, t˜2, t˜3 and t˜4 are
t˜∗1 = t˜2 = −2it˜ cos3 ϕ
[
sin3 ϑ(D/ω)ρλ3 + cos2 ϑ sin ϑ(D/ω)ρ(2λ1−λ3)
]
t˜3 = −2it˜ cos3 ϕ
[
(− sin3 ϑ+ 2 cos2 ϑ sin ϑ)(D/ω)ρλ3 + cos2 ϑ sin ϑ(D/)ρ(2λ1−λ3)
]
t˜4 = −2it˜ cos3 ϕ
[
(sin3 ϑ+ 2 cos2 ϑ sinϑ)(D/ω)ρλ3 − cos2 ϑ sinϑ(D/ω)ρ(2λ1−λ3)
]
(7.26)
Comparing them to those of the even assisted hopping [Eqs. 7.16], we can see, that disre-
garding the prefactor of i and the exponents, the only difference is the interchange of sinϑ
and cosϑ.
Keeping only the most divergent parts in the assisted hopping, for the induced interaction
we get
g2 = (2t˜ cos
3 ϕ)2


0 , if λ1 > λ3
−2 sin2 2ϑ cos 2ϑ(D/εh)2λ1 , if λ1 < λ3 .
(7.27)
If λ1 < λ3, then g2 is negative for small fillings and became positive for larger fillings.
For the backward scattering
g1 = (2t˜ cos
3 ϕ)2


sin2 2ϑ(1 + cos 2ϑ)(D/εh)
2λ3 , if λ1 > λ3
− sin2 2ϑ(1− cos 2ϑ)(D/εh)4λ1−2λ3 , if λ1 < λ3 .
(7.28)
The boundary between the two region with different exponent is the same as it was in
the case of even t˜δ. If λ1 > λ3, both g1 and g1 − 2g2 are positive, so the ground state
is TS. In the region where λ1 < λ3 holds, the g1 is negative, and for ϑ < ϑC we get
triplet superconductivity and for ϑ > ϑC the ground state is CDW. Here ϑ is defined as
cos 2ϑC = 1/5 and the corresponding filling is νC = 0.436 . The phase diagram is shown in
Fig. 12b.
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We can conclude that the main effect of changing the parity leads to exchange of the
CDW and superconducting ground state.
In the present calculation we have neglected the interaction between the light electrons.
That interaction changes the g-s, so that the phase diagram changes also and new phases
appear near ν = 0 and ν = 1.
VIII. TWO-DIMENSIONAL SQUARE LATTICE: CuO2 PLANE
In the compounds characterized by CuO2 planes a possible representation of the h-
orbitals are the two non-bonding p-orbitals on the apical oxygens located below or above
the Cu sites in the CuO2 plane (the O
2− ions are in the tetrahedral position around Cu2+
ion). For details see Ref. 14,12. The CuO2 plane forms a two dimensional square lattice
depicted on Fig. 2, where the h-orbitals are at the corners and the l-band is formed by the
orbitals ax, ay and b at the middle of the sides and at corners, respectively. One possible
choice of the symmetry of the orbitals corresponds to the CuO2 plane with px (ax) , py (ay)
and dx2−y2 (b), while the two heavy labelled by γ = x, y are of px- and py-type . For this
model the hopping to heavy orbitals is
tγh,δ = thP
γ
δ
(8.1)
and the hoppings between light orbitals are
tδδ′ =


tpδ , if δ
′ = (0, 0)
t′pδδ′ , otherwise ,
(8.2)
furthermore,
εδ =


εb , if δ
′ = (0, 0)
0 , otherwise .
(8.3)
The p
δ
, p
δ,δ′
and P γ
δ
stand for the relative signs of the real wave functions in the overlap
regions. For the nearest neighbor hopping between oxygen and copper in the CuO2 plane
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p
δ
= −p−δ holds and for the next to the nearest neighbor hopping between oxygens pδ,δ′ =
±1 with +(−) sign if δ − δ′ is parallel (perpendicular) to the (1,1) direction and for the
apical oxygen P γ
δ
= P γ−δ if δ is parallel with γ = x, y and zero otherwise.
The Coulomb repulsion is
Uγ
δ
=


U , if δ = 0
U ′ , otherwise .
(8.4)
where U is the repulsion between electrons on the apex-O and Cu, while U ′ is between
apex-O and the next oxygens in the plane.
The assisted hopping is given by
t˜γ
δ
= t˜P γ
δ
. (8.5)
In the following we will consider two limiting cases.
A. Case of U ′ = t′ = 0
Here we are considering the extreme case where both t′ and U ′ are zero. The dispersion
relation is given by
ω± =
1
2
(
εb ±
√
ε2b + 4Ω
2
)
, (8.6)
where the +(−) stands for upper(lower) band, Ω = t2xk + t2yk and tαk = 2t sin kαa/2 (α =
x, y). The φ-s [see Eq. (2.2)] are given by
φ0 =
ω±√
ω2± +Ω
2
, and φδ =
tδk√
ω2± +Ω
2
. (8.7)
The calculations of ρ and F -s, defined by Eqs. (3.9) and (3.12)], are straightforward:
ρ =
1
(2pi)2
√
ε2b + 4Ω
2
t2
K′(c) , (8.8)
and
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F00 = |φ0|2
Fx0 = Fy0 = F
∗
−x0 = F
∗
−y0 =
i
2
(
2t
ω±
)
(1− c)|φ0|2
Fxx = F−x,−x = Fyy = F−y,−y =
1
2
(
2t
ω±
)2
(1− c)|φ0|2
Fxy = −Fx,−y = −F−xy = F−x,−y = 1
2
(
2t
ω±
)2 [
E′(c)
K′(c)
− c
]
|φ0|2
Fx,−x = F−x,x = Fy,−y = F−y,y =
1
2
(
2t
ω±
)2 [
c− 1− 2c2 + 2E
′(c)
K′(c)
]
|φ0|2 , (8.9)
where c = 1−Ω2/(2t)2 and the elliptic function are defined as
K(k) =
∫ pi/2
0
dϕ√
1− k2 sin2 ϕ
and E(k) =
∫ pi/2
0
dϕ
√
1− k2 sin2 ϕ (8.10)
and K′(k) = K(k′), E′(k) = E(k′) where k′ =
√
1− k2.
The vectors s and r are [see Eq. (3.15)]
s(1) =


0
0
0
0
1


, s(2) =


i
−i
0
0
−2f


, s(3) =


0
0
i
−i
−2f


s(4) =


1
1
0
0
0


, s(5) =


0
0
1
1
0


, (8.11)
and
r(1) = (−if , if , −if , if , 1) ,
r(2) = (−i/2 , i/2 , 0 , 0 , 0) ,
r(3) = (0 , 0 , −i/2 , i/2 , 0) ,
r(4) = (1/2 , 1/2 , 0 , 0 , 0) ,
r(5) = (0 , 0 , 1/2 , 1/2 , 0) , (8.12)
with eigenvalues λ1 = U |φ0|2 and λ2 = λ3 = λ4 = λ5 = 0, and
f = (1− c)t/ω± , (8.13)
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furthermore the δ indices are ordered as (x,−x, y,−y, 0). The ξ functions [see Eq. (3.21)]
are
ξ1(κ) = φ0 ,
ξ2(κ) = 2
2t
ω±
φ0 sin
2(kFx(κ)a/2)− 2fφ0 ,
ξ3(κ) = 2
2t
ω±
φ0 sin
2(kFy(κ)a/2)− 2fφ0 ,
ξ4(κ) =
2t
ω±
φ0 sin(kFx(κ)a) ,
ξ5(κ) =
2t
ω±
φ0 sin(kFy(κ)a) . (8.14)
The nonvanishing averages of ξξ∗ functions are from Eq. (3.25)
〈|ξ1(κ)|2〉 = |φ0|2 ,
〈|ξ4(κ)|2〉 = 〈|ξ5(κ)|2〉 = 2
(
2t
ω±
)2(
E′(c)
K′(c)
− c2
)
|φ0|2 . (8.15)
Calculating the renormalized assisted hopping, we pick up the most divergent term in
Eq. (3.20). The largest value of the exponent λi + λj − λk corresponds to the choice of
i = j = 1 and, since the remaining four eigenvalues are degenerate, with k =2,3,4 or 5.
We can determine the initial values t˜γ(0) from Eq. (3.23), and we get t
x(0)
114 = −t˜f 2 and
t
y(0)
115 = −t˜f 2 with other tγ(0)11k -s being equal to 0. So the assisted hopping is
tx(κ1,κ2,κ3;ω) = t
x(0)
114 ξ1(κ1)ξ1(κ2)ξ
∗
4(κ3)
(
D
ω
)2λ1−λ4
(8.16)
and for ty(κ1,κ2,κ3;ω) the ξ
∗
4(κ3) is replaced by ξ
∗
5(κ3), so that
tγ(κ1,κ2,κ3;ω) = −t˜f 2|φ0|2φ0 2t
ω±
sin(kFγ(κ3)a)
(
D
ω
)2U |φ0|2ρ
, (8.17)
where kF = (kFx, kFy) is the Fermi vector parallel to the κ.
The expressions for χ-s, according to Eq. (4.5), are
χ1 = χ2 = t
x∗
114t
x
114|ξ1|2〈|ξ1|2〉〈|ξ∗4(κ)|2〉+ ty∗115ty115|ξ1|2〈|ξ1|2〉〈|ξ∗5(κ)|2〉
χ3(κ) = t
x∗
114t
x
114〈|ξ1|2〉〈|ξ1|2〉|ξ∗4(κ)|2 + ty∗115ty115〈|ξ1|2〉〈|ξ1|2〉|ξ∗5(κ)|2 , (8.18)
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or, inserting the ξ-s and t
γ(0)
ijk -s,
χ1 = χ2 =
1
16
φ60
Ω8
ω6±t
2
[
E′(c)
K′(c)
− c2
]
t˜2
χ3(κ) =
1
64
φ60
Ω8
ω6±t
2
[sin2(kFx(κ)a) + sin
2(kFy(κ)a)]t˜
2 . (8.19)
A straightforward calculation gives the interaction in the S-wave channel,
V S(κ,−κ,−κ′,κ′) = −2ρχA(D/εh) . (8.20)
Since the interaction is independent of momentum, the κ dependence of the superconducting
order parameter ∆S is small [due to small κ dependence of Z(κ), see Eq. (6.3)]. The approx-
imate strength of the dimensionless effective coupling in the singlet channel [see Eq. (6.4)]
is
g
(s)
eff ≈ −
2ρ2χA(D/εh)
1 + 3χρA(D/εh)
, (8.21)
where we can see immediately that
− g(s)eff <
2
3
. (8.22)
The relation of the transition temperature Tc and the mass enhancement is given by the
curve q = 2 in Fig. 9. The highest Tc is obtained for mass enhancement about 2.5–3.5.
Similar calculation for the triplet channel gives
V T (κ,−κ,−κ′,κ′) = 1
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t˜2|φ0|6ρ Ω
t2ω6±
A(D/εh)
×
[
sin(kFx(κ)a) sin(kFx(κ
′)a) + sin(kFy(κ)a) sin(kFy(κ
′)a)
]
, (8.23)
which results in repulsion.
B. The case of U = t = 0
The tight binding Hamiltonian (2.1) with the choice of parameters corresponding to this
case has the following form in the k representation:
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H = 4t′
∑
k,σ
sin(kxa/2) sin(kya/2)
(
a†x,k,σay,k,σ + h.c.
)
(8.24)
and can be diagonalized by introducing the
ax,k = φx(k) (dk,+ + dk,−)
ay,k = φy(k) (dk,+ − dk,−) (8.25)
operators, where φα(k) = sign(sin kαa/2)/
√
2 and the diagonalized Hamiltonian is
H = 4t′
∑
k,σ
| sin(kxa/2) sin(kya/2)|
(
d†
k,σ,+dk,σ,+ − d†k,σ,−dk,σ,−
)
. (8.26)
With this choice of φδ-s, the operators d
†
k,σ,+ and dk,σ,+ are associated with the upper band
which is combined from the upper parts of the two bands labelled by x and y. In the
following, only the upper band is kept and the index + will be dropped.
For convenience, the momentum is shifted as kx → kx − pi/a and ky → ky − pi/a
in all of the following formulas. For example, the dispersion relation changes to ε =
4t′ cos kxa/2 cos kya/2. That shift, however, can be completely incorporated by the am-
plitudes φδ(κ):
φ±x = φ±y = ±i/
√
2 (8.27)
in Eqs. (3.4) and (3.10).
Introducing the notation Fδδ = F˜0, Fδ,−δ = F˜2 and Fxy = F−x−y = −F−xy = −Fx−y =
F˜1, the matrix F˜δδ′ takes the form
F =


F˜0 F˜2 F˜1 −F˜1
F˜2 F˜0 −F˜1 F˜1
F˜1 −F˜1 F˜0 F˜2
−F˜1 F˜1 F˜2 F˜0


, (8.28)
which eigenvectors and eigenvalues are easy to obtain:
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s(1) =


1
−1
1
−1


s(2) =


1
1
0
0


s(3) =


0
0
1
1


s(4) =


1
−1
−1
1


(8.29)
and
r(1) = s(1)T /4 , r(2) = s(2)T /2 , r(3) = s(3)T /2 , r(4) = s(4)T /4 , (8.30)
where the indices δ are ordered as (x,−x, y,−y) and the superscript denotes a transposed
vector.
The corresponding eigenvalues are
λ1 = U
′(F˜0 − F˜2 + 2F˜1) ,
λ2 = λ3 = U
′(F˜0 + F˜2) ,
λ4 = U
′(F˜0 − F˜2 − 2F˜1) . (8.31)
The integrals in F˜0, F˜1 and F˜2 leads to elliptic functions
ρ = K′(εF/4t
′)/pi2t′
F˜0 =
〈|φx|2〉 = 1/2
F˜1 = 〈φ∗xφy cos(kxa/2) cos(kya/2)〉 = εF/8t′
F˜2 =
〈|φx|2 cos kxa〉 = 1/2− E′(εF/4t′)/K′(εF/4t′) . (8.32)
Furthermore, using Eq. (3.21) we get the functions ξ:
ξ1(κ) = −i
√
2
[
cos(kFx(κ)a/2) + cos(kFy(κ)a/2)
]
ξ2(κ) = −
√
2 sin(kFx(κ)a/2)
ξ3(κ) = −
√
2 sin(kFy(κ)a/2)
ξ4(κ) = −i
√
2
[
cos(kFx(κ)a/2)− cos(kFy(κ)a/2)
]
, (8.33)
and the nonvanishing averages of ξξ∗ are:
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〈|ξ1(κ)|2〉 = 4(F˜0 − F˜2 + 2F˜1) = 4λ1
〈|ξ2(κ)|2〉 = 〈|ξ3(κ)|2〉 = 2(F˜0 + F˜2) = 2λ2
〈|ξ4(κ)|2〉 = 4(F˜0 − F˜2 − 2F˜1) = 4λ4 . (8.34)
The leading terms in Eq. (3.20) with proper symmetry are those with the exponents
2λ1 − λ2 or λ1 + λ2 − λ4, and the corresponding t˜γ(0)ijk are
t˜
x(0)
112 = t˜
y(0)
113 = t˜
′/16 , (8.35)
or
t˜
x(0)
124 = t˜
x(0)
214 = −t˜y(0)134 = −t˜y(0)314 = t˜′/16 , (8.36)
depending on whether εF/4t > 0.41 or < 0.41 , respectively, so that
t˜x(κ1,κ2,κ3) =
t˜′
16
ξ1(κ1)ξ1(κ2)ξ
∗
2(κ3)
(
D
ω
)(2λ1−λ2)ρ
(8.37)
for εF/4t
′ < 0.41 and
tx(κ1,κ2,κ3) =
t˜′
16
[ξ1(κ1)ξ2(κ2) + ξ2(κ1)ξ1(κ2)] ξ
∗
4(κ3)
(
D
ω
)(λ1+λ2−λ4)ρ
(8.38)
for εF/4t
′ > 0.41 and for ty(κ1,κ2,κ3) the ξ2(κ2) should be replaced by ξ3(κ2) and multiplied
by a minus sign for εF/4t
′ > 0.41.
The χ-s, defined by Eq. (4.5), calculated by using Eqs. (3.20) and (8.37-8.38) are κ
dependent with
χ˜1(κ) = χ˜2(κ) =
t˜2
16
λ1λ2|ξ1(κ)|2
χ˜3(κ) =
t˜2
16
λ21(|ξ2(κ)|2 + |ξ3(κ)|2)
for εF/4t
′ > 0.41 and
χ˜1(κ) = χ˜2(κ) =
t˜2
16
λ4
[
4λ1(|ξ2(κ)|2 + |ξ3(κ)|2) + 4λ2|ξ1(κ)|2
]
χ˜3(κ) =
t˜2
8
|ξ4(κ)|2 (8.39)
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for εF/4t
′ < 0.41. The average of χ˜j(κ)-s over the Fermi surface is
χ˜ =


λ2λ
2
1/4 , if εF/4t
′ > 0.41
λ1λ2λ4/2 , if εF/4t
′ < 0.41 .
(8.40)
In the case εF/4t
′ < 0.41, for the singlet superconductivity we get
V S(κ,−κ,−κ′,κ′) = − t˜
2
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ρλ2|ξ1(κ)|2|ξ1(κ′)|2A(D/|εh|) , (8.41)
which gives rise to an S-type superconductivity. The triplet spin channel contribution a
repulsive interaction of a p-type.
For the case εF/4t
′ > 0.41 we get a d-wave repulsive interaction in the singlet channel.(In
Ref. 13 we got d–wave attraction, which was due to a sign error.)
IX. DISCUSSION
The role of the assisted hopping is demonstrated in models where additional to the
conduction band there are orbitals near the Fermi surface. The occupations of these orbitals
fluctuate between two values. The state of higher occupation is obtained by adding a heavy
electron . All the other states are ignored. The energies of these two states include all of
the intratomic Coulomb interaction, thus these states are fully renormalized in the atomic
sense. We call the attention to two physical realizations:
(i)Heavy f–electrons. In this case it must be assumed that one of the renormalized f–
levels is near to the Fermi energy on the scale of the Fermi energy. If for one of the f–levels
that condition is satisfied, then the model can be applied by considering the conduction
electron assisted hybridization of the 4f–electrons with the conduction band. The assisted
process is induced by the change in the occupation of conduction band in the atomic orbital
(tight–binding) representation. It is a striking feature, that the very large mass enhancement
in the conduction band practically eliminates the superconducting state. The moderate mass
enhancement can be correlated with the superconductivity (see chapter VI.). The possible
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role of the Coulomb interaction in conduction band has been considered also in Ref. 13 by
the slave–boson technique and it makes the superconducting state even more favorable.
(ii)CuO2 plane. The strikingly flat parts of the electronic band structure are due to
the non–bonding oxygen orbitals20. E.g. in the Y Ba2Cu3O7−δ compound it is either due
to the apex oxygens taking the tetrahedral positions above or below the Cu site or it is
generated by the non–bonding pi–orbitals of the oxygens in the CuO2 plane, which are
oriented perpendicular to the plane in the z-direction. These states can hybridize with the
orbitals on Cu only if the CuO2 plane is distorted and the Cu and O atoms form separate
planes. Such a flat band has been recently observed by experiment21 and also reproduced
by band structure calculation22. The previous case might be related to the influence of
the distance of the apex oxygen from the CuO2 plane on the superconducting transition
temperature?. See for more detailed discussion Refs. 12–14. The calculated induced electron–
electron interaction is momentum dependent due to the form factors in the electron assisted
hybridization, but the models treated in Ref. 13 the transition leads to always s–type of
superconductors.
The Hamiltonian for a definite system must be constructed in the atomic orbital picture,
thus the tight binding approximation is used. For the sake of simplicity only the conduction
band crossing the Fermi energy is kept for the light particle, even if the other broad bands
could contribute also to those integrals which have logarithmic character in the most simpler
approximation.
The vertex corrections to the conduction electron assisted hopping between the light
and heavy bands are determined. The dependence on the occupations of the heavy orbitals
(i.e. interaction like c†h†hh) does not contribute in the logarithmic approximation, thus
it is not taken into account. The assisted hopping vertices t˜ are strongly renormalized
by the local Coulomb interaction U between the heavy and light–particles. The general
formulation is presented in Chapter III., where the number of different couplings are finite
as the momentum dependence appears only in the form factors which belong to some certain
class. The solution of these vertex equations for t˜ can be very different depending on the
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model. In the case of onsite Coulomb interaction U , the renormalization by U can reduce
the structure in the formfactor by integrating out the dependence on the momenta of the
scattered electron. That happens in case A in Chapter VIII. [see Eqs. (8.16)-(8.17)]. On the
other hand, if the interaction U ′ is the next neighbor Coulomb interaction, then the form
factors of the vertex corrections are altering in a certain class, but the level of the structure
is never reduced, see case B in Chapter VIII. In the one–dimensional model new coupling
is generated, and as it is discussed in Chapter VII the structure of the vertex equations is
mapped to those in a one–dimensional interacting electron gas with the two couplings g1,
g2, g3 and g4 known as the g–ology
1. The results obtained are generalization of those in Ref.
11 and may be relevant in the quasi–one dimensional organic conductors. The functional
form of the vertex corrections are always power functions of ω/D, but the exponents and
this way the strengths of the enhancement are very sensitive on the actual structure of the
formfactors.
The large mass enhancement described in Chapter IV. and calculated in Chapter VII.
and VIII. is a quite general consequence of the theory. That can be very large, its value,
however, is limited by the low energy infrared cutoff due to the dispersion and energy of the
heavy band.
The superconductivity is determined by very similar expressions as the mass enhance-
ment [see e.g. Eqs. (4.7) and (6.5)]. Usually in other theories the similar expressions are
related by Ward identities, but here those can not be exploited as the relevant quantities
appear in different channels (zero sound and Cooper). The single particle weight Z in the
Green’s function are playing crucial role in the strength of the electron–electron interaction
and the mass enhancement . The related expressions of Chapter VI. and Fig. 9 represents
quite general relations and they may be relevant in other models as well.
In the case of one–dimensional models a much richer class of susceptibilities are discussed
and the phase diagrams in Fig. 12 contains spin density wave (SDW) and charge density
wave (CDW) and triplet and singlet superconductivity
Finally, it is worth to point out, that in the actual calculation the electrons on the
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different heavy sites are not correlated which is the consequence of our systemic logarithmic
approximation schema, but that can be lost beyond the approximation applied. As far as
the number of the excited heavy particle levels at a given time is small, i.e. the dynamics
occurs on a dilute set of orbitals, the approximation applied is justified.
For any certain problem with conduction electron assisted hopping between a heavy and
a light orbital the model can be treated in the general schema presented. The large vertex
corrections make it promising, that the weaker assisted hoppings can play a determining
role in some systems, even if their bare amplitude is weaker then the Coulomb interaction13.
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FIGURES
FIG. 1. The model for orbitals in one dimensions are shown. The circles represents the light s
orbitals, and inside them are the heavy d (a) or p (b) orbitals (the f orbitals are not presented as the
p orbitals have the same odd overlap as the deep f orbitals). The energy levels, the hoppings and
interactions between them are shown in (c). The clear and shadowed areas indicate the opposite
signs of the wave functions.
FIG. 2. The CuO plane of the Y BCO compounds is shown as an example of the model in
two dimensions. The light O and Cu orbitals are found on the sides and on the corners of the
squares, respectively. The two orbitals of the apex oxygen below the Cu sites can play the role of
the heavy orbitals.
FIG. 3. (a) The bare assisted hopping vertex is shown where the double line and light lines
stand for heavy and light particles, respectively. The wavy line denotes the assisted hopping. (b)
The bare Coulomb interaction is indicated by dashed lines.
FIG. 4. (a) The Coulomb corrections are shown in second order. The diagrams contribute by
logarithms, but they cancel. (b) The corrections appearing in vertex equation are shown by time
ordered diagrams where the assisted hopping is renormalized by the Coulomb interaction.
FIG. 5. The contributions to the light particle self-energy are shown by time ordered skeleton
diagrams.
FIG. 6. The interaction between the light particles induced by the assisted hopping is shown
separately for the different channels: (a) the spin parallel and (b) antiparallel channels. The
diagrams are time ordered.
FIG. 7. The renormalization of the light electron dispersion curve is shown in the neighborhood
of the Fermi energy εF . The renormalization is essential in the range around the Fermi energy
characterized by the low energy cutoff εh. The large mass enhancement occurs in an energy range
Zεh.
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FIG. 8. The selfconsistent equation for the gap ∆ is illustrated.
FIG. 9. The critical temperature as a function of mass enhancement for different values of q
[see Eq. (6.5)]
FIG. 10. The band dispersion of the 1D model.
FIG. 11. The prefactor of (2t˜ cos3 ϕ)2(D/εh)
2α of the effective interaction g1, g2 and the χ˜(κ)
as a function of different filling for the even case: (a) λ1 > λ3 and (b) λ1 < λ3.
FIG. 12. The phase diagram of the 1D model in case of (a) even and (b) odd assisted hopping.
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